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Abstract
We present a study of n-colored rooted maps in orientable and locally orientable surfaces.
As far as we know, no work on these maps has yet been published. We give a system of n
functional equations satis1ed by n-colored orientable rooted maps regardless of genus and with
respect to edges and vertices. We exhibit the solution of this system as a vector where each
component has a continued fraction form and we deduce a new equation generalizing the Dyck
equation for rooted planar trees. Similar results are shown for n-colored rooted maps in locally
orientable surfaces. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The enumerative study of maps starts in 1962 with Tutte [11,12], who counts the
number of rooted planar maps with n edges. In 1975, Cori [6] described planar maps
as combinatorics objects. In 1987, Arqu$es [1] determined functional relations satis1ed
by generating functions of rooted maps on the torus and obtain closed formulae to
count these maps by vertices and faces. Many works follow on maps of greater genus,
orientable or not, as for example the works of Bender and Can1eld and also Arqu$es and
Giorgetti [5,4]. Some works [11,13] deal also with hypermaps, equivalent to 2-colored
maps.
The study of rooted maps counted regardless of genus is not much extended. This
study starts with Walsh and Lehman [14] who give a recursive relation on the num-
ber of rooted maps counted by edges. In 1990, Jackson and Visentin [8] used an
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algebraic approach in order to obtain a closed formula for the generating functions
of rooted orientable maps counted by edges and vertices and extended this approach
to enumerate hypermaps [9]. The case of these maps in locally orientable surfaces is
treated by Goulden and Jackson [7]. More recently, Arqu$es and BEeraud [3,2], give
the functional equation satis1ed by the generating function of rooted maps counted by
edges and vertices, and exhibit the function in continued fraction form. This continued
fraction revealed an interesting bijection, as it enumerates also connected 1xed-point
free involutions, that is exhibited by Ossona de Mendez and Rosenstiehl in [10]. The
combinatorial structure they give for maps in orientable surfaces, leads to a code for
each map with a unique involution.
We present a topological study (with exhibition of a functional topological equa-
tion) of n-colored rooted maps counted regardless of genus. After recalling some basic
notions on maps, we prove that the generating function of n-colored orientable rooted
maps is a solution of a set of partial diGerential equations. Then we solve this set of
equations to obtain the generating function of n-colored orientable rooted maps with
root vertex of color i; 16i6n, in continued fraction form. This continued fraction
brings to the fore a generalized Dyck equation for these maps. As these results extend
themselves to n-colored rooted maps in locally orientable surfaces, we next give the
set of functional equations veri1ed by these maps and the solution with a continued
fraction form.
2. Denitions
We recall some de1nitions used afterwards (for further details, see for example
[6,2]).
A topological map C in an orientable surface  of R3 is a partition of  in three
1nite sets of cells:
(1) the set of vertices of C, which is a 1nite set of dots;
(2) The set of edges of C, which is a 1nite set of open Jordan arcs, pairwise disjoint,
whose extremities are vertices;
(3) The set of faces of C; each face is simply connected and its border is the union
of vertices and edges.
The genus of the map C is the genus of . A cell is incident to another cell if one is
contained in the boundary of the other. A bridge is an edge incident on both sides to
the same face. We call half-edge an oriented edge of the map.
We call B the set of half-edges of the map. To each half-edge is associated its
initial vertex, its 1nal vertex and its underlying edge.  (resp. ) is the permutation
in B associating to each half-edge b its opposite half-edge (resp. the 1rst half-edge
met when turning round the initial vertex of b in the positive way of the surface).
The cycles of  (resp. ) represent the edges (resp. the vertices) of the map. The
cycles of  ◦  are the oriented borders of the faces of the map. (B; ; ) constitute the
combinatoric de1nition of the topological orientable map associated C.
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A map is said rooted if a half-edge b is distinguished. The half-edge b is called the
root half-edge of the map, and its initial vertex is the root vertex. By convention, the
planar map reduced to a unique vertex is said to be rooted.
Two orientable maps of the same genus are isomorphic if there is a homeomorphism
of the surfaces, preserving its orientation, mapping vertices, edges and faces of one
map onto vertices, edges and faces, respectively, of the other map. An isomorphic class
of orientable rooted maps of genus g will simply be called orientable rooted map.
Denition 1. An n-colored orientable rooted map (n¿1) is a rooted map, where a
maximum of n colors are used to color the vertices and such that each edge is incident
to two vertices of diGerent colors.
The property “n-colored” is compatible with the equivalence relation whose classes
are the rooted maps.
Let In be the set {1; : : : ; n}. Let Mn; i; i∈In, be the generating function of n-colored
orientable rooted maps whose color of the root vertex is i, counted by vertices and
half-edges whose initial vertex is of color j∈In. Let ci; i∈In, be the variable whose
exponent represents the number of half-edges with initial vertex of color i. Let y be
the variable whose exponent represents the number of vertices of the map.
3. Functional equation
We present in this section a system of partial diGerential equations and show that
the vector whose components are the generating functions Mn; i; 16i6n, is the unique
solution of this system.
Theorem 2. ∀i∈In; Mn; i =Mn; i(y; c1; : : : ; cn) is the unique formal power series solu-
tion of the following partial di;erential equation:
Mn; i =y + ciMn; i
n∑
j=1; j =i







Furthermore (Mn; i)16 i6n is the unique solution of the system {(Di); 16i6n}.
Proof.
(1) the set of n-colored orientable rooted maps, with root vertex of color i is composed
of:
• the map reduced to the root vertex of color i,
• the set of n-colored orientable rooted maps, with root vertex of color i, whose
edge supporting the root half-edge is a bridge whose deletion disconnects the
map into two maps,
• the set of n-colored orientable rooted maps, with root vertex of color i, whose
edge supporting the root half-edge is not a bridge whose deletion disconnects
the map.
the generating functions of these sets are, respectively:
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Fig. 1. The removal of the root edge disconnects the map.
Fig. 2. The removal of the root edge does not disconnect the map.
• y (straightforward: a vertex, no half-edge).
• ciMn; i
∑n
j=1; j =i cjMn; j. The deletion of the root bridge b gives two n-colored
orientable rooted maps, one whose root half-edge is (b) and root vertex is of
color i, the other whose root half-edge is ( ◦ )(b) and root vertex is of a color
j∈In; j = i (see Fig. 1). The contribution of the bridge is cicj.
• ci
∑n
j=1; j =i c
2
j (@Mn; i=@cj). The deletion of the edge supporting the root half-
edge b does not disconnect the map. To enumerate these maps, one counts the
number of ways to add an edge supporting the new root half-edge b to any
n-colored orientable rooted map, of root half-edge ei, of root vertex of color i,
as follows:
◦ (b)= ei,
◦ the 1nal vertex of b be any vertex of color j; j =i.
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For a given n-colored orientable rooted map, the number of ways to add the
edge supporting the root half-edge b as described, such as the 1nal vertex of
b be of color j; j =i, is the number of half-edges of color j (see Fig. 2).
Thus applying the operator cj(@=@cj) to the generating function Mn; i gives us
the generating function of n-colored orientable rooted maps, with root vertex
of color i, of 1nal vertex of the root half-edge of color j; j = i, whose edge
supporting the root half-edge is not a bridge whose deletion disconnects the
map. The contribution of the edge supporting the root half-edge b is ci cj.
(2) Uniqueness: Ly =Q(y)[[c1; : : : ; cn]], the algebra of the formal series in the com-
mutative variables c1; : : : ; cn, with coeNcients in Q(y), supplied with the distance
de1ned for two series S1 et S2 by: d(S1; S2)= 2−!(S1−S2) where !(S1)= min{1 +
· · ·+n=the coeNcient of c11 : : : cnn in S1 is not equal to zero}, is a complete met-
ric space. Then (Ly)n supplied with the product distance de1ned for two elements
S =(S1; : : : ; Sn) and T =(T1; : : : ; Tn) as p(S; T )= sup16i6n d(Si; Ti) is a complete
metric space. One can easily show that the system composed of the right members
of equations (Di); 16 i6n, de1nes a contracting operator on ((Ly)n; p) and has
a unique 1xed point.
4. Determination of the generating function of n-colored orientable rooted maps
Theorem 3 presents a generalization of the system of partial diGerential equations
seen in Theorem 2. This generalization de1nes a new family of formal series which
are related to each other as shown in Proposition 6. These relations lead to the solution
of the system of equations {(Di); 16i6n} (see Theorem 8).
Let ui; i∈In, be the variable whose exponent represents the number of vertices of
color i. Let Mi(u); i∈In, be the generating function of n-colored orientable rooted
maps whose color of the root vertex is i, counted by vertices of color j∈In and
half-edges whose initial vertex is of color j∈In.
Theorem 3. ∀i∈In; Mi(u)=Mi(u; c1; : : : ; cn) is the unique formal power series solu-
tion of the following partial di;erential equation:










Furthermore (Mi(u))16i6n is the unique solution of the system {(Ei; u); 16i6n}.
Proof. The generating functions of the three sets given in proof of Theorem 2 are
obtained in a similar way in this case, except for the generating function of the map
reduced to the root vertex of color i which is ui.
The system composed of the right members of (Ei; u); 16i6n, de1nes a contracting
operator on the complete space ((Lu)n; p) and has a unique 1xed point (Lu=Q(u1; : : : ;
un)[[c1; : : : ; cn]]).
Remark 4. If u=(y; : : : ; y), Theorem 2 implies Mi(u)=Mn; i.
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Denition 5. ∀i∈In, let U (i; u)= (U1(i; u); : : : ; Un(i; u)) be the vector such that ∀j∈
In; Uj(i; u)= uj + ij, where ij represents the Kronecker symbol.





j=1; j =i cjMj(U (i; u))
: (1)
The proof of this proposition is shown in Section 6.
Remark 7. Observe that in Mj(U (i; u)), the exponent of ui does not count any more
the number of vertices of color i, but the number of vertices of a sub-set of these
vertices.
We deduce from this proposition


















(0;1; j1 ; j2)
j3
1− : : :
;
in which
a(0) = (a(0)1 ; : : : ; a
(0)
n )= (y; : : : ; y)
a(0;1) = (a(0;1)1 ; : : : ; a
(0;1)
n )= (y + 1; y; : : : ; y)
a(0;1; j1 ;:::; jk ) = (a(0;1; j1 ;:::; jk )1 ; : : : ; a
(0;1; j1 ;:::; jk )
n )= a
(0;1; j1 ;:::; jk−1) + (1jk ; : : : ; njk ):















j2=1; j2 =j1 cj2Mj2 (U (j1; a
(0;1)))















j3=1; j3 =j2 cj3Mj3 (U (j2; a
(0;1; j1)))
= · · · :
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From a(0;1; j1 ;:::; jk ) =U (jk ; a(0;1; j1 ;:::; jk−1)), we obtain the equations veri1ed by the
a(0;1; j1 ;:::; jk )i .
From Proposition 6, one obtains
Corollary 9. The generating function of n-colored orientable rooted maps with root
vertex of color i, is the solution of the following generalized Dyck equation:




in which v=(vj)16j6n=(y + ij)16j6n.
5. Application to 3-colored orientable rooted maps
The results obtained are applied to 3-colored orientable rooted maps and an enumer-
ation table of 3-colored orientable maps counted with regard to the number of vertices
and half-edges, whose initial vertices are of color 1; 2 or 3, is given (Table 1).
Theorem 10. ∀i; j; k ∈{1; 2; 3} with i; j; k all distinct we have














1−c1 : : :
− yc2c3
1−c3 : : :
− yc1c3
1− (y+2)c1c3
1−c1 : : :
− (y+1)c2c3




1− c2 : : :
− (y+1)c1c3
1− c3 : : :
− (y+1)c2c3
1− (y+1)c1c2
1− c1 : : :
− (y+1)c2c3





1− c1 : : :
− (y+1)c2c3
1− c3 : : :
− (y+1)c1c3
1− (y+2)c1c3
1− c1 : : :
− yc2c3




1− c2 : : :
− (y+1)c1c3
1− c3 : : :
− (y+1)c2c3
1− (y+1)c1c3
1− c1 : : :
− (y+1)c2c3
1− c2 : : :


6. Proof of Proposition 6
6.1. Two preliminary lemmas




− ck @Mj(u)@ck =0: (3)
548 D. Arques, A. Micheli / Discrete Mathematics 256 (2002) 541–556
Table 1
Number of 3-colored rooted maps in orientable surfaces with ei (16i63) half-edges with initial vertex of
color i and v vertices
(e1; e2; e3)\v 1 2 3 4 5 6 (e1; e2; e3)\v 2 3 4 5 6
(0; 0; 0) 1 (3; 1; 2); (3; 2; 1) 3 6
(1; 0; 1); (1; 1; 0) 1 (3; 1; 4); (3; 4; 1) 6 18 15
(1; 1; 2); (1; 2; 1) 1 (3; 2; 3); (3; 3; 2) 6 24 27
(1; 2; 3); (1; 3; 2) 1 2 (3; 2; 5); (3; 5; 2) 12 54 87 51
(1; 3; 4); (1; 4; 3) 2 6 5 (3; 3; 4); (3; 4; 3) 18 87 156 105
(1; 4; 5); (1; 5; 4) 6 22 29 14 (4; 0; 4); (4; 4; 0) 6 22 29 14
(2; 0; 2); (2; 2; 0) 1 2 (4; 1; 3); (4; 3; 1) 8 24 20
(2; 1; 1) 2 (4; 1; 5); (4; 5; 1) 24 88 116 56
(2; 1; 3); (2; 3; 1) 2 4 (4; 2; 2) 6 22 22
(2; 2; 2) 2 6 (4; 2; 4); (4; 4; 2) 24 112 188 116
(2; 2; 4); (2; 4; 2) 3 11 11 (4; 3; 3) 24 116 208 140
(2; 3; 3) 4 16 18 (5; 0; 5); (5; 5; 0) 24 100 165 130 42
(2; 3; 5); (2; 5; 3) 8 36 58 34 (5; 1; 4); (5; 4; 1) 30 110 145 70
(2; 4; 4) 12 56 94 58 (5; 2; 3); (5; 3; 2) 20 90 145 85
(3; 0; 3); (3; 3; 0) 2 6 5
Fig. 3. Bijection between Cj→k and Ck→j .
Proof. The set Cj→k of n-colored orientable rooted maps, with root vertex of color j,
of 1nal vertex of the root half-edge of color k, whose edge supporting the root half-edge
is not a bridge whose deletion disconnects the map, is in one-to-one correspondence
with Ck→j (see Fig. 3).
Furthermore cjc2k(@Mj(u)=@ck) is the generating function of Cj→k and ckc
2
j (@Mk(u)=
@cj) is the generating function of Ck→j, both generating functions being counted by
vertices of color i; i∈In, and half-edges whose initial vertex is of color i; i∈In (see
Proof of Theorem 3).
Lemma 13. ∀i; j∈In,
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Proof. Let us show that (4) is true for any given i∈In.







!i; j(u) belongs to Lu, as Mi(u) has non-zero constant term in the {ci}16i6n.
It will be shown that the vector (!i; j(u))16j6n is a solution of the system of equa-
tions {E( j;U (i; u)); 16j6n}. As {E( j;U (i; u)); 16j6n} has a unique solution (see Theo-
rem 3), (!i; j(u))16j6n is a solution of the system of equations {E( j;U (i; u)); 16j6n},
implies Mj(U (i; u))=!i; j(u); ∀16j6n.
Let us consider










Our aim is to prove that E=0. First expanding ! in terms of M , we have
E=































































From (Ej; u) we have,
















































































































































One can check that this equality cancels the last expression of E above so that
E=0:
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7. n-colored rooted maps in locally orientable surfaces
As the results on n-colored orientable rooted maps extend themselves rather easily
to the locally orientable case, this section presents some results on n-colored rooted
maps in locally orientable surfaces (which means in any surfaces). After recalling the
de1nition of a map in a locally orientable surface, the set of functional equations of the
generating functions of n-colored rooted maps in locally orientable surfaces is given
and this leads to the solution of this set of equations as a vector whose components are
continued fractions. Then these results are applied to 3-colored rooted maps in locally
orientable surfaces.
7.1. De@nitions
We recall some de1nitions that diGer from those given in the orientable case (Section
2).
A map in a locally orientable surface of R3 will be called a locally orientable map.
Each edge of a locally orientable map has two ends and two sides, and therefore
four half-edges, each one corresponding to a side and an end (see Fig. 4).
Two locally orientable maps are isomorphic if there is a homeomorphism of the
surfaces, preserving their roots, mapping vertices, edges and faces of one map onto
vertices, edges and faces, respectively, of the other map. An isomorphic class of locally
orientable rooted maps will simply be called locally orientable rooted map.
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Fig. 4. A multi-colored rooted map in the projective plane.
Let M˜n; i be the generating function of n-colored locally orientable rooted maps whose
color of the root vertex is i, counted by vertices and half-edges whose initial vertex is
of color j∈In. Let ci; i∈In, be the variable whose exponent represents the number
of half-edges with initial vertex of color i. Let y be the variable whose exponent
represents the number of vertices of the map.
7.2. Functional equation
We present in this section a system of partial diGerential equations and show that
the vector whose components are the generating functions M˜n; i; 16i6n, is the unique
solution of this system.
Theorem 14. ∀i∈In; M˜n; i = M˜n; i(y; c1; : : : ; cn) is the unique formal power series solu-
tion of the following partial di;erential equation:
M˜n; i =y + ciM˜n; i
n∑
j=1; j =i







Furthermore (M˜n; i)16i6n is the unique solution of the system {(D˜i); 16i6n}.
Proof. The proof is the same as in the orientable case, except for the term correspond-
ing to n-colored locally orientable rooted maps whose removal of the edge supporting
the root half-edge b does not disconnect the map. The contribution of the edge sup-
porting the root half-edge b is 2ci cj, as there are two ways to choose the side of the
half-edge (see Fig. 5).
7.3. Enumeration of n-colored locally orientable rooted maps
Theorem 15 presents a generalization of the system of partial diGerential equations
seen in Theorem 14. This generalization de1nes a new family of formal series which
are related to each other as shown in Proposition 18. These relations lead to the solution
of the system of equations {(D˜i); 16i6n} (see Theorem 21).
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Fig. 5. The removal of the root edge does not disconnect the map.
Let ui; i∈In, be the variable whose exponent represents the number of vertices of
color i. Let M˜i(u) be the generating function of n-colored locally orientable rooted
maps whose color of the root vertex is i, counted by vertices of color j∈In and
half-edges whose initial vertex is of color j∈In.
Theorem 15. ∀i∈In; M˜i(u)= M˜i(u; c1; : : : ; cn) is the unique formal power series solu-











Furthermore (M˜i(u))16i6n is the unique solution of the system {(E˜i; u); 16i6n}.
Remark 16. If u=(y; : : : ; y), Theorem 14 implies M˜i(u)= M˜n; i.
Denition 17. ∀i∈In, let V (i; u)= (V1(i; u); : : : ; Vn(i; u)) be a vector such as ∀j∈In;
Vj(i; u)= uj + 2ij.





j=1; j =i cjM˜j(V (i; u))
:
Proof. The proof of this proposition is similar to Proof of Proposition 6. Therefore,
we only give here the lemmas needed for the proof:
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We deduce from this proposition:



















(0;1; j1 ; j2)
j3
1− · · ·
;
in which
a(0) = (a(0)1 ; : : : ; a
(0)
n )= (y; : : : ; y)
a(0;1) = (a(0;1)1 ; : : : ; a
(0;1)
n )= (y + 2; y; : : : ; y)
a(0;1; j1 ;:::; jk ) = (a(0;1; j1 ;:::; jk )1 ; : : : ; a
(0;1; j1 ;:::; jk )
n )= a
(0;1; j1 ;:::; jk−1) + 2(1jk ; : : : ; njk ):
From Proposition 18, one obtains:
Corollary 22. The generating function of n-colored locally orientable rooted maps
with root vertex of color i is the solution of the following generalized Dyck
equation:




in which v=(vj)16j6n=(y + 2ij)16j6n.
7.4. Application to 3-colored locally orientable rooted maps
The results obtained are applied to 3-colored orientable rooted maps and an enu-
meration table of 3-colored locally orientable maps counted with regard to the number
of vertices and half-edges, whose initial vertices are of color 1; 2 or 3, is given
(Table 2).
Theorem 23. ∀i; j; k ∈{1; 2; 3} with i; j; k all distinct, we have
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Table 2
Number of 3-colored rooted maps in locally orientable surfaces with ei (16i63) half-edges with initial
vertex of color i and v vertices
(e1; e2; e3)\v 1 2 3 4 5 6 (e1; e2; e3)\v 2 3 4 5 6
(0; 0; 0) 1 (3; 1; 2); (3; 2; 1) 6 6
(1; 0; 1); (1; 1; 0) 1 (3; 1; 4); (3; 4; 1) 24 36 15
(1; 1; 2); (1; 2; 1) 1 (3; 2; 3); (3; 3; 2) 24 48 27
(1; 2; 3); (1; 3; 2) 2 2 (3; 2; 5); (3; 5; 2) 96 216 174 51
(1; 3; 4); (1; 4; 3) 8 12 5 (3; 3; 4); (3; 4; 3) 144 348 312 105
(1; 4; 5); (1; 5; 4) 48 88 58 14 (4; 0; 4); (4; 4; 0) 48 88 58 14
(2; 0; 2); (2; 2; 0) 2 2 (4; 1; 3); (4; 3; 1) 32 48 20
(2; 1; 1) 2 (4; 1; 5); (4; 5; 1) 192 352 232 56
(2; 1; 3); (2; 3; 1) 4 4 (4; 2; 2) 24 44 22
(2; 2; 2) 4 6 (4; 2; 4); (4; 4; 2) 192 448 376 116
(2; 2; 4); (2; 4; 2) 12 22 11 (4; 3; 3) 192 464 416 140
(2; 3; 3) 16 32 18 (5; 0; 5); (5; 5; 0) 384 800 660 260 42
(2; 3; 5); (2; 5; 3) 64 144 116 34 (5; 1; 4); (5; 4; 1) 240 440 290 70
(2; 4; 4) 96 224 188 58 (5; 2; 3); (5; 3; 2) 160 360 290 85
(3; 0; 3); (3; 3; 0) 8 12 5








1−c1 : : :
− yc2c3
1−c3 : : :
− yc1c3
1− (y+4)c1c3
1−c1 : : :
− (y+2)c2c3




1−c2 : : :
− (y+2)c1c3
1−c3 : : :
− (y+2)c2c3
1− (y+2)c1c2
1−c1 : : :
− (y+2)c2c3





1−c1 : : :
− (y + 2)c2c3
1−c3 : : :
− (y+2)c1c3
1− (y+4)c1c3
1−c1 : : :
− yc2c3




1−c2 : : :
− (y+2)c1c3
1−c3 : : :
− (y+2)c2c3
1− (y+2)c1c3
1−c1 : : :
− (y+2)c2c3





This work is a generalization of a work realized by Arqu$es and BEeraud (see [2,3])
on the enumeration with a continued fraction, of the generating function of rooted maps
regardless of genus, with respect to vertices and edges.
We 1rst wrote and proved the set of functional equation for the generating func-
tion of n-colored rooted maps in orientable and locally orientable surfaces, regard-
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less of genus, with respect to vertices and half-edges whose initial vertex is of color
i; i∈In.
To solve this set of equations, we exhibited a new set of equations for the gener-
ating function of n-colored rooted maps in orientable and locally orientable surfaces,
regardless of genus, with respect to vertices of color i; i∈In and half-edges whose
initial vertex is of color i; i∈In.
Then it has been shown that the solution of the partial diGerential equation satis1ed
by the generating function of n-colored rooted maps whose root vertex is of color
i, in orientable and locally orientable surfaces, can be written with a continued frac-
tion form. This enumeration with a continued fraction form leads to a generalization
of the classical Dyck equation for rooted planar trees. As done in [10] for maps in
orientable surfaces, it should be interesting to interpret topologically this generalized
Dyck equation.
An interesting, but not trivial, extension of this work would be to give and solve
the functional equation for n-colored rooted maps for a given genus.
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